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Corrected vocab :

* what we called c
' (re) is in fact

stab ( II )

- csm (rt ) = Slab (II ) / f- =L
( same information ,

one determines the other )
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Rest of the talk :

illustrations of some properties of csm classes

• R - matrix property . . . Yang - Baxter equation
• MacPherson point- of -view . . .

csm ( AUB)
csm ( smooth compact)

• formulas . . . weight functions . . .

Schurr expansion

• why
"

cotangent " Schubert calculus

• recursions

• how is csm
" enumerative geometry

"

• K theory version
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Further along this direction . .
.

this particular solution of the TB equation
is the R -matrix of Y ( gla )
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More generally : Csu ( f ) E H ,¥ ( Garno) is defined

[ (T- invariant) function

meaning : can be written as
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Even more generally :
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Recursions
( e.f .

Lascaux - Schnitzer,berger
recursion in Schubert calculus

[ lecture yesterday] )



F (3) 123 132 213 231 312 321

Entries) ¥47175411257) O O O O O

Em

entrust

Elrod

on full flag
variety ={ e'

erred}
eye
.
,

T- fix points
⇒

Schubert
cells

eye.)
← permutations
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Remarks
-

- Bott - saurelson recursion only for full flag varieties

* R- matrix recursion for Glp ( partial flag war 's ) too
* both recursions can be phrased

"

globally
"

as well ,

on csn (Sw ) 's not on

"

local
"

classes csntrw) ) ,
⇐

either one can serve as a definition of dm (re)
(together with the obvious dm (rid)= csm (point) )

← csmfrw) ) , overdetermined → identities for functions
t"

K-theoretic version
"

trigonometric
d-"

elliptic cohomology version
"

elliptic



- full flag variety having 2
"

dual
"

recursions is an incarnation

of the fact that F'Ffu) c- 1-
*

FH
3d mirror

symmetry

in general A*- *
3d mirror

symmetry
11

their (elliptic) Schubert calculus
"match

"

( in a complicated sense)



Formulas for csm classes



recall
-

←
essentially the
Vanderwoude

GIF ?.me/fIIlIIia.h-tnttI!.aeitstI)ouEiiiisorme.for Schur
functions

fact

84€ -_ ¥.fi/fI!fIIikrtatHIIa!tb-taDITaes.wHsta'Ita- t.tt)← "

wghihfions "



Gr
,
① 4

schure-pausi.co#csYrzy)=nCJhy] t 3 [ Day) t 4. [ In] t 41525ft
+ 4 [ I ,5) t [ In]

::÷÷÷÷÷÷÷:÷÷÷÷¥... ...-
-

-
-

(Z,- Zyt It) ( 7-Zit2¥)

( sign behavior ! )



Ethel ) s
,¥,
- ⑥4S ,

+ 351¥17 t3sf#IfT
⇐

* ffosµ⇒tBs¥t5s%F¥Ig*f I+ 6s¥ftBs# ) - ( - . . ) t ( - - - ) -

( sign behaviour !)



In H
# ( Gr
,
d
' )

Tf - B = Dt +21¥ +1¥

/ til T# t 11 Fff t 46M¥

all
on
# t 108 T#

# Iya ( sign behavior !

Ses



Motivic Chern classes



' "

i
"

:jqf
''

¥ :
c'Yr ,) Zizi 0 uncle ,) I - II o

infra) hi zizath mc0HlHhTEIzHE¥
MEH ' ) i -¥aththt¥

, HEAZ

•¥¥
mich. ) = ( H - ¥; ,

⑧ )
ZZ

mmE¥¥= Htt ,
* th

-

• t¥t¥tt¥



csmtr.IE HE Carney HEE )
in

Kfz
,
. . . Zn]

me ( rt ) E KT ( Gruen) Kt (E )
T ~

" motivic Chern class "
#9LZf ' , . . .

,
ZE '

]

im (Loc) : Li - j) - neighboring components
satisfy Zi- zjl f-I -fjfotsame description in KT
Zi- Zj Ifs - f-

( I - II. HI -ft )



HELP ' ) 1¥19
' )

EE ,] ( Zizi , o ) aid
"
= ( t -¥ ,

o )
[is
.
( i

,
i ) [I ( x

,
i )

comfort -_ ( Zizi , o ) mccr ,)= ( I - 2¥ ,
o )

eyed -_ It ,
z
.

-Eth) mClM=HtH¥ , It#t)

/
L

axiomatic definition



Thmtdef mc (SLI ) -- unique class in KT ( Gruen )

• mckell IT ( t -¥;) . Till ttE÷)
c- EI c- EI

si EI JEIc#
• mothy,

divisible
by c
,

" i
t

•1Y(mC(r¥ ) c µ ( mclrstt) - O for It J

Newton Newton

polygon polygon

(• mc ( DIII , =o if J # I )



f- ERIE
'

,
ZE

'

, .
. .

,
ZE '

]
f- = E CI

- Ek
KEK

"

Nff) := convex hull of ( K : CK # O )
I ⇐ exponent

•
( 312)

N ( Zizi- 7- ¥Et3ziZz - 8¥, )= •

•

YAD z
,
-exponent

tho)

hi, ii. I. t.no,
"""



inCcr ,) = ( t - 2¥ ,
o )

m C ( ra) =

µtH¥ ,
it#t)

Newton polygon axiom here
.

-

Nfl tht ¥ ) a N ( t - ¥
.) - o
-- L

,

O

.•

•

••
•



Where are we so far ?

• axiomatic definition of mcfr I ) E KT ( Gr )
Facts ✓• R - matrix property (''trigonometric solution

of Yang - Baxter
" )

✓• formulas of the type I Tltfratiouae ) exist

( " trigonometric weight functions
' )

✓••
cotangent interpretation

✓• Bolt- Saurelson & R-matrix recursions

✓ •• MacPherson property ( " motivic " class )



melts) Is
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Enumerative geo
- of csm



X c P
"

locally closed

•• Xr - X n H
,
n Han . . .

n Hr
-

general hyperplanes
xx HH Exlxi ) ft )

"

I

•• csmlxopn ) = Ea
.

. zi j, Nlt) Elt)

p
sett) .

-

= E ai t
N- i

.

S

:

involution o - poly's
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